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Available online 22 May 2025

falsity membership functions in neutrosophic features makes the model difficult to
visualize. Aside from that, IT2NS properties have upper and lower bounds that make
them challenging. This study will use the IT2NS theory to develop the model by
introducing an interval type-2 neutrosophic control net relation (IT2ZNCNR). The IT2NB-
sS models will be represented by combining the IT2ZNCNR with the B-spline basis
function. The IT2NCNR's truth, indeterminacy, and falsity memberships are then
interpolated for upper and lower bounds to reveal the IT2NB-sSs. The study will

Keywords: conclude by reviewing the algorithm used to construct the IT2NB-sS interpolation
Interval Type-2 neutrosophic set; control  models. As a result, the study's findings will result in a prediction model that may be
net; B-spline surface; interpolation used in various data-gathering applications, including medical applications and real-
model; upper and lower bound world data such as bathymetry that involve uncertainty problems.

1. Introduction

As an expansion of the traditional idea of a set and a theory to account for fuzziness (degree of
truth) as articulated in natural or human language, Zadeh [1] developed the fuzzy set (FS) theory, as
stated in [2,3]. Type-1 FS (T1FS) is widely used and has a meaning connected with uncertainty;
nevertheless, prior work has shown that T1FS only represents uncertainty to a limited extent and
may not be able to manage or mitigate the consequences of uncertainties seen in some real-world
applications, as noted in [4]. In response to this problem, Zadeh [5] suggested extending his previous
type-1 fuzzy set (T1FS) theory to incorporate the type-2 fuzzy set (T2FS) theory, which has fuzzy
membership grades that allow it to handle uncertainties that T1 finds challenging to manage. A few
studies have shown that the results of a T2FS could be superior to those of a T1FS carried out by [6—
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11]. Since using a generic T2FS is computationally expensive, most people only implement interval
T2FSs. As highlighted in [4], the computations for interval T2FSs are feasible and controllable.

Intuitionistic fuzzy sets (IFSs), which take membership and non-membership grades into
consideration, were introduced by Atanassov [12]. Smarandache [13] extended IFSs to neutrosophic
sets (NSs) with truth, indeterminacy, and falsity membership functions to capture the indeterminacy
membership grade. A single-valued neutrosophic set (SVNS) was proposed by Wang et al., [14] to
deal with ambiguous, indeterminate, and incoherent data. Wang et al., [15] developed interval type-
2 neutrosophic sets (IT2NSs) to more accurately evaluate improbability and ambiguity as mentioned
in [16]. Interval type-2 trapezoidal neutrosophic numbers via operations were proposed by Touqgeer
et al., [17]. The study states that the definition and application of an interval neutrosophic set are
identical to those of an interval type-2 neutrosophic set. Therefore, the advancement of IT2NS is
described in Figure 1.

Fuzzy Set Theory [1]

Intuitionistic Fuzzy Set Theory

[12]

Neutrosophic Se
Theory [13]

Single-valued
Neutrosophic Set
heory [14]

Interval Type-2
Neutrosophic Set Theory
[15]
Fig. 1. The advancement of interval type-2 neutrosophic set
theory

A B-spline surface is a type of surface representation in computer graphics and geometric
modeling, defined by a set of control points and two knot vectors, that maps a unit square to a
rectangular surface patch. An essential part of presenting the surfaces is the data set. Before using
data collection to construct surface models, any ambiguities must be cleared up. Making geometric
models with an IT2NS is a useful method for resolving the problem of making data visible in the face
of ambiguity. In geometric modeling with uncertain data, some studies have been done to make sure
curves and surfaces are easily useable, as in [18-21]. Fuzzy and intuitionistic fuzzy geometry modeling
has been the subject of numerous academic publications, such as [22-28,36,37,41-43]. Aside from
that, some works blended the neutrosophic set theory with geometric modeling in [29-33,44,45].
Some academics studied the interval-valued, interval type-2, and deneutrosophication of
neutrosophic geometric modeling in [34,46-49]. Meanwhile, this work will use the interpolation
method to present an interval type-2 neutrosophic B-spline surface.

Therefore, the research gap is that there are no studies investigating the interpolation of interval
type-2 neutrosophic B-spline surface. This study will introduce the models based on the previous
study. The primary goal of this study is to develop an interpolation model for an interval type-2
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neutrosophic B-spline surface (IT2NB-sS). The IT2NS and its properties must be employed to define
the interval type-2 neutrosophic control net relation (IT2NCNR) before constructing the IT2NB-sS.
These control nets are utilized to generate models of IT2NB-sSs using the B-spline basis function,
which is then depicted through an interpolation technique. The structure of this document is as
follows. Some background information about the study was given in Section 1. The basic ideas of
IT2NS, IT2NCNR, and interval type-2 data points (IT2DPs) are explained in Section 2. How to
interpolate the IT2NB-sS using IT2NCNR is explained in Section 3. A numerical example and a
visualization of IT2NB-sS are shown in Section 4. Finally, part 5 will bring this study to a conclusion.

2. Basis Properties

The purpose of this section is to provide the IT2NDPs and IT2NCPs that refer to a dataset. To
depict the IT2NBCs, the IT2NDPs are IT2NCPs. Thus, IT2NS, interval type-2 neutrosophic relation
(IT2NS), and interval type-2 neutrosophic point (IT2ZNP) must all be defined before talking about
IT2NDPs. The core idea behind IT2NS was first presented by Wang et al., [35]. Later, the formulation
of IT2NCPs for neutrosophic points was motivated by Tas and Topal [36,37]. Additionally, Zakaria et
al., [38-40] on type-2 fuzzy data points in geometric modeling and Tougeer et al., [17] interval type-
2 trapezoidal neutrosophic numbers are the sources of the idea of IT2NDPs.

Definition 1 [35]
Let x be the universal set that elements in x denoted as x. An interval type-2 neutrosophic set
(IT2NS) 4 is expressed by the truth membership function T,, indeterminacy membership function 7,

, and false membership function F,. Where xe X,T, (x),IA (x),FA (x)g[O,l].

When X is continuous, an IT2NS 4 can be expressed as

A:j<T(x),](x),F(x)>/x,xeX (1)

X

When x is discrete, an IT2ZNS 4 can be expressed as
A=i<T(xi)a1(x,-),F(x,-)>/x,.,x,.eX 2)
i=1

Definition 2 [35]
Suppose x and Y be a non-empty crisp set. R(X,Y) denoted as interval type-2 neutrosophic
relation (IT2NR) in a subset of product space x xY and containing the truth membership function

T, (x,y), indeterminacy membership function IR(X,J/) and false membership function F; (x,y) where

xex and yeY,and Ty (x,). I (x,y),Fy (x,y)<[0.]] .

Definition 3 [34]
Suppose A4 in the space of x < x is an interval type-2 neutrosophic point (IT2NP) and x:{xl.} isa

set of IT2NPs where there exists T, (x)=[ sup(7,),inf(7,)]: X —[0,1] defining as the supremum
and infimum of truth membership, ,(x)=[sup(Z,),inf(Z,)]: X —[0,1] defining as the supremum

14



Warisan Journal of Mathematical Sciences and Engineering
Volume 1, Issue 1 (2025) 12-25

and infimum of indeterminacy membership and F, (x)=[sup(F,),inf(F,)]: X —[0,1] defining as

the supremum and infimum of false membership where

0 if xeX
T,(x)=4aec(0,]) if x €X (3)
1 if x,;eX
0 if xeX
1,(x)=1be(0,]) if x &X (4)
1 if x;eX
0 if xeX
F,(x)=1ce(0,]) if x, X (5)
1 if x,eX

Definition 4 [34]
Let A={x|x interval type-2 neutrosophic point} and D={D,.|Di data point} is a set of interval type-2
neutrosophic data points with DeDcX, where Xx is a universal set and
T,(D,)=[sup(T,).inf(7,)]: D—[0,1] for the truth membership function, which defined as 7, (p,)=1,
1,(D,)=[sup(1,),inf(1,)]: D—>[0,1] for indeterminacy membership function defined as 7,(p,)=1,
F,(D,)=[sup(F,),inf (F,)]:D—[0,1] for falsity membership function defined as r,(p,)=1 and
formulated by D:{(Di,TA(D )., (D,

i i

)F,(D,)|D,el))} . Thus,

0 if D¢gX

T,(D)=4a€(0,1) if D, éX (6)
1 if DeX
0 if DeX

1,(D)=<be0,)) if DeéX (7)
1 if DeX
0 if DgX

F,(D)=4ce(0,]) if D,eéX (8)
1 if DeX

For all i and the three memberships, D, :<D,.L,D,.,D,.R> with D/ :<Di“,D,,L,DI.LR> where D', D* and
D' are left-left, left, and left-right of ITZ2NDP and D/ =<DI.RL,D,.R,DI.RR> where D*, D*,and D are

right-left, right, and right-right of IT”2ZNDP respectively. Figure 2 illustrates this with the green triangle
representing truth, the blue triangle representing indeterminacy, and the red triangle representing

falsehood memberships. The dashed triangle for each membership at the values [DL,D,D’*}
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represented the type-1 neutrosophic set for each membership. The upper and lower boundaries for
each membership are given by values [D“,D,DRR} and [DLR,D,DRL}, respectively.

T.LF, (x)

DLL

L

D pR DRR

ox

Fig. 2. Interval type-2 neutrosophic data points for truth, indeterminacy, and
membership degrees

2.1 Interval Type-2 Neutrosophic Control Net Relation (IT2ZNCPR)

The interval type-2 neutrosophic control point relation (IT2NCPR) is defined in this section first
by using the notion of an interval type-2 neutrosophic set from the research published by Wahab et
al., [24,25] in the following way:

Definition 5 [34]
Let R be an IT2NPR, then IT2NCPR is defined as a set of point n+1 that indicates the positions and
coordinates of a location is used to describe the curve and is denoted by

DT _ (AT AT AT
BT ={pg.pl Dl |
AT AT AT

Pr={py. i s P} (9)
BF z{po s Py 77IA75}

where 13,-T, él and 13,-F are interval type-2 neutrosophic control points for membership truth,
indeterminacy and ; is one less than n . Thus, the ITZ2ZNCNR can be defined as follows.

Definition 6
Let P be an IT2NCPR, and then define an IT2NCNR as points # and m for P in their direction, and it
can be denoted by ffl that represents the locations of points used to describe the surface and may

be written as
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0,0 0,1 0,m
[—37,1 Fo_ P{,o E,l Ff,m (10)
ij . . :
}Zﬁ };1 n,m

3. Interpolation of an Interval Type-2 Neutrosophic B-Spline Surface (IT2NB-sS)

The IT2NCNR and Definition 1 are used to build the IT2NB-sS, which is then used to incorporate
the B-spline blending function into a geometric model. The IT2NB-sS stands for an interpolation
approach that can be represented mathematically as follows:

Definition 7
0,0 0,1 0,m
R p P ... P
T,0,F __ 1,0 1,1 1,m
Let P = N :
};ﬂ }11 }Z,m

where i =0,1,...,n andj = 0,1,...,m is IT2NCNR. Cartesian Bézier surface is given by:

BsS () =YY B TN )M’ (w)
i=0 j=0

BsSl(u,w)zz

n
i=0 j
n

~

PN} ()M} (w) (11)

J

M=

I
(=]

F
BsS (u,w)=

i=0 j=

M

D Fark i
BN @M (w)

(=1

where N.k(u) and M{(W) are the Bernstein functions in the ¥ and w parametric directions.
! J

N () = 1 if uw<u<u,
= 0 otherwise
N Gy = T8 e e =) i
k-1 U Ui Uiy (12)
I if w<w<w,
1‘1? — J J+l
i) {O otherwise
M;(w) _ (W_WJ) Mil—l (w)+ (W.i+l _W) ij (w)
Wi =W, Wi = Wi

The surface for the IT2NB-sS will be in the IT2ZNCNR. As a result, the interpolation procedure is as
follows:
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0,0 0,1 0,m
1,0 E,l 1,m —
E, E, - F,
: (13)
BsS(u,,w,) BsS(u,,w) - BsS(u,,w,)
BsS(u,,w,) BsS(u,w) - BsSu,w,)
_BSS(urMWO) BSS(unJWI) o BSS(un,Wm)
Each BsS(u,,w;) can be expressed as a matrix product as follows:
BsS(u,,w,) = [Ng () N'(u) - N (ui)]x
00 To 0,m My (Wj)
By By o B, | | M) (14)
éz,O ﬁn 1 ﬁn,m M':l (W/)
All the separate equations can be combined into a single matrix equation:
F=M"PN (15)

where £ denotes the given matrix data points from Eq. (13), and P denotes the matrix containing
the unknown control points Pl, . The values of the Bernstein polynomials at the given parameters are

contained in the matrix M’ and w:

My ug) M) - M) ()]

M7 = MO;(MI) M1:(”1) Mn:(ul) (16)
M(;I(ui) Mln(ui) M:(un)_
Ny (W) NG (Owy) =+ N'(w,) ]

N = N0:(W1) Nl :(Wl) Nl (:Wm) (17)
N, (w) N, (w) - NJjw,)]

Eqg. (15) can be easily simplified to

13=(MT)71I3"(N)‘1 (18)
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4. Visualization of Interval Type-2 Neutrosophic B-Spline Surface (IT2NB-sS)

The IT2NB-sS interpolation model for the truth, indeterminacy, and falsity membership functions
is demonstrated in this section. Finally, a method for building the IT2NB-sS will be discussed, and a
demonstration of combining all memberships in one axis will be given. Let's look at the matrices

below as an example of an IT2NCN dataset. Based on Definition 4 and Figure 2, P, ,, P, , P, Pi%,
}353,13%, P and PX as mean, left, left-left, left-right, right, right-left, and right-right of 4x4

IT2NCNs respectively for B-spline surfaces with the degree of polynomial nz = 3.

((-17,17):0.4,0.7,02)  ((-17,7);0.9,0.3,0.1) ((~17,-7);0.4,0.4,0.5) ((~17,-17);0.6,0.5,0.2)
5o ((=7.17):0.6,04,03)  ((-7.7);0.8,0.2,03)  ((-7,-7);0.5,0.5,0.3)  ((~7,-17);0.7,0.4,0.2)
Y {(7.07);06,02,0.5)  ((7,7):0.8,04,0.1)  ((7,-7);0.5,0.7,0.1)  {((7,-17);0.5,0.3,0.5)
((17,17);0.7,03,03)  ((17.7);04,0.6,03)  ((17,-7);0.4,0.6,0.3) ~ ((17,-17)0.7,0.4,0.2)
((<19,15);0.4,0.7,0.2)  ((~19,5);0.9,0.3,0.1) {(~19,-9);0.4,0.4,0.5) ((~19,-19);0.6,0.5,0.2)]
o ((-9.15);0.6,0.4,0.3)  ((-9,5);0.8,0.2,03)  ((-9, ) 0.5,0.5,0.3)  ((-9,-19);0.7,0.4,0.2)
Y] {((5.15);0.6,02,05)  ((5,5);0.8,04,0.1)  ((5-9);05,0.7,0.1)  {(5.-19);0.5,0.3,0.5)
| ((15,15);0.7,03,0.3)  ((15,5);0.4,0.6,0.3) <(15 —9 ):0.4,0.6,03)  ((15,-19);0.7,0.4,0.2)
((-21,13);04,0.7,0.2)  {(-21,3);0.9,03,0.1) ((-21,-11);0.4,0.4,0.5) ((-21,-21);0.6,0.5,0.2)
i _ ((-11,13);0.6,0.4,0.3) ((-11,3);0.8,0.2,0.3) ((-11,-11);0.5,0.5,0.3) ((~11,-21);0.7,0.4,0.2)
Y1 {(3.13);0.6,02,05)  ((3,3);08,04,0.1)  ((3,-11);0.5,0.7,0.1)  ((3,-21);0.5,0.3,0.5)
(13 13) 0.7,0.3,0.3)  ((13, 3) 0.4,0.6,0.3)  ((13,-11);0.4,0.6,0.3)  ((13,-21);0.7,0.4,0.2)
((-23,11);04,0.7,0.2)  {(-23,1);0.9,0.3,0.1) ((~23,-13);0.4,0.4,0.5) ((~23,-23);0.6,0.5,0.2)]
B _ ((-13,11);0.6,0.4,03) ((-13,1);0.8,0.2,0.3) ((-13,-13);0.5,0.5,0.3) ((~13,-23);0.7,0.4,0.2)
Yol (L11);0.6,02,0.5)  ((1,1);0.8,04,0.1)  {(1,-13);0.5,0.7,0.1)  ((1,-23);0.5,0.3,0.5)
((11,11);0.7,03,03) ~ ((11,1);0.4,0.6,0.3) ~ ((11,-13);0.4,0.6,0.3)  ((11,-23);0.7,0.4,0.2)
((-15,19);0.4,0.7,0.2)  ((~15,9);0.9,0.3,0.1) ((~15,-5);0.4,0.4,0.5) ((~15,-15);0.6,0.5,0.2)
A _ ((-5.19);0.6,0.4,03)  ((-5.9):0.8,02,0.3) ((-5,-5);0.5,0.5,0.3)  ((-5,-15);0.7,0.4,0.2)
V] ((9,19);0.6,0.2,0.5)  ((9,9);0.8,04,0.1)  {(9,-5);0.5,0.7,0.1)  {(9,-15);0.5,0.3,0.5)
(19, 19) 0.7,0.3,03)  ((19, )040603> ((19,-5); O40603> ((19,-15);0.7,0.4,0.2)
((-13,21);0.4,0.7,02)  ((~13,11);0.9,0.3,0.1) ((~13,-3);0.4,0.4,0.5) ((~13,-13);0.6,0.5,0.2)
s _ ((-3,21);0.6,0.4,03)  ((-3,11);0.8,02,0.3) ((-3,-3) 05 05,03) ((-3.-13);0.7,0.4,0.2)
M {(11,21);0.6,0.2,0.5)  ((11,11);0.8,04,0.1)  ((11,-3);0.5,0.7,0.1)  {(11,-13);0.5,0.3,0.5)
| ((21,21);0.7,03,03)  ((21,11);04,06,0.3)  ((21,-3);0.4,0.6,03)  ((21,-13);0.7,0.4,0.2)
((-11,23);0.4,0.7,0.2) {(~11,13);0.9,0.3,0.1) <(—11,—1),0.4,0.4,0.5> ((-11,-11);0.6,0.5,0.2)
e _ ((-1,23);0.6,04,03)  ((~1,13);0.8,02,0.3)  ((~1,-1);0.5,0.5,0.3)  ((~1,-11);0.7,0.4,0.2)
M 1{(13,23);0.6,02,0.5)  ((13,13);0.8,0.4,0.1)  ((13,-1);0.5,0.7,0.1)  {(13,-11);0.5,0.3,0.5)
| ((23,23);0.7,0.3,03)  ((23,13);0.4,06,03)  ((23,-1);0.4,0.6,0.3)  ((23,-11);0.7,0.4,0.2)
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The IT2NB-sSs, which includes membership in truth, indeterminacy, and falsity for both their left
and right footprints, is shown in Figure 3 to 5. The MintColors surfaces reflect truth membership, the
BlueGreenYellow surfaces indeterminacy, and the RedBlueTones surfaces falsehood. The IT2NB-sSs
are shown in Figure 6, together with the corresponding IT2NCNs and memberships. Figure 7
illustrates the operation of an algorithm for producing IT2NBSs.

-20

-0.5

w;

-20

(b)
Fig. 3. (a) IT2NB-sSs for truth membership with its respective IT2NCNs; (b) without IT2NCNs

(a) (b)
Fig. 4. IT2NB-sSs for indeterminacy membership with its respective IT2NCNs; (b) without IT2NCNs
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(a) (b)
Fig. 5. IT2ZNB-sSs for falsity membership with its respective IT2NCNs; (b) without IT2NCNs

Wy

i 20

T,LF(u;,w))

(b)

(@)
Fig. 6. IT2NB-sSs with their respective ITZ2NCNs and memberships; (b) without IT2NCNs
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l Introduce the interval tyep-i neutrosophic data points |
(IT2NDPs) ) |

¢ Introduce the IT2NDPS as refers to the dataset defined in Definition 4.

I Define the interval type-i neutrosophic control nets 1
L (IT2NCN) ) |

¢ Define the IT2NDPs as the IT2NCNs that will govern the IT2NB-sS, as
described in Definition 6.

1

Find the mathematical representation |

B

* Find the mathematical representation for IT2NB-sS by using interpolation
method as shown in Defintion 7.

Visualize the interval type-i neutrosophic §-sp|ine 1
surfaces (IT2NB-sSs) ) |

¢ By using Eq. (11) and (18) and B-spline basis function, the IT2NB-sSs can be
visualized as in Figure 2-5.

;

Repeat the steps }

B

* Repeat the step for indeterminacy and falsity membership function.

Fig. 7. An algorithm to create the IT2NB-sSs interpolation models
5. Limitation of Study

Despite the promising results of this study, several limitations should be acknowledged. One
major challenge is the computational complexity associated with implementing interval type-2
neutrosophic B-spline surfaces (IT2NB-sS). The requirement for high computational resources may
restrict the model’s feasibility for real-time applications. Additionally, visualization challenges arise
due to the complexity of IT2NS properties, which include upper and lower bounds for truth,
indeterminacy, and falsity. Effectively representing these features in a clear and interpretable
manner remains difficult. Furthermore, the study lacks comparative analysis with alternative surface
modeling approaches, such as non-uniform rational B-splines (NURBS) or traditional fuzzy system:s,
which could help assess the relative advantages and drawbacks of the proposed method. Another
limitation is the restricted application scope—while potential applications in medical and
bathymetric data modeling are mentioned, practical implementation and validation in real-world
scenarios have not been extensively explored. Lastly, the interpolation approach used in this study
may introduce approximation errors, which could impact the accuracy and reliability of the generated
B-spline surfaces. Addressing these limitations in future research could enhance the robustness and
applicability of IT2NB-sS models in various fields.

6. Discussion and Conclusion
This work presented interval type-2 neutrosophic set (IT2NS) principles that are used to

construct the interval type-2 neutrosophic control net (IT2ZNCN), which governs the behaviors of
interval type-2 neutrosophic B-spline surfaces (IT2NB-sS). The model introduces an innovative way
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of displaying uncertain datasets through the lens of IT2NS theory, providing an effective framework
for handling complex uncertainty. The ability to model and process uncertain or ambiguous
information using IT2NS theory offers a distinct advantage in disciplines where precision is crucial but
cannot be guaranteed, making it an essential tool for advancing data analysis and decision-making.

In the context of medical applications, predictive models are critical in diverse areas, ranging from
cancer prediction and detection of image blur to disaster warning systems. The integration of IT2NS
theory into these areas has the potential to enhance the accuracy and reliability of predictions,
enabling more precise decision-making in high-stakes environments. Moreover, the extension to
type-2 neutrosophic sets allows for addressing even more complex and uncertain situations that may
involve multiple layers of uncertainty.

Future research could explore several routes to refine and extend this work. For example,
incorporating more sophisticated geometric models such as non-uniform rational B-splines (NURBS)
could enhance the visualization capabilities of the study. These models, which are already well-
established in computer graphics and computational geometry, would enable more precise surface
modeling and use other methods such as approximation methods. In doing so, they would provide a
more precise toolset for visualizing and manipulating complex surfaces in uncertain environments.

By extending the scope of this work to encompass these more advanced methodologies and
technologies, future research could contribute significantly to both theoretical advancements and
practical applications in areas such as autonomous systems, environmental modeling, robotics, and
medical diagnostics, where the need for handling uncertainty is a critical factor in achieving
meaningful, actionable results.
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