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Fuzzy geometric modeling has been applied in various fields, where the fuzzy set 
approach allows the representation of uncertainty for better visualization. In fact, 
numerous types of fuzzy sets, including the traditional fuzzy set, type-2 fuzzy set, and 
intuitionistic fuzzy set, among others, are successfully applied in geometric modeling, 
while there is a gap in representing hesitancy, which often occurs during data 
collection. The hesitant fuzzy set provides a method to represent hesitancy—in other 
words, all opinions on the data through different membership degrees assigned to 
each element. This paper aims to introduce a novel model, namely the hesitant fuzzy 
B-spline curve approximation model. The study starts with a comprehensive literature 
review on the development of fuzzy geometric modeling. By applying the fundamental 
concepts of the hesitant fuzzy set and hesitant fuzzy control point relation defined, the 
hesitant fuzzy B-spline curve approximation model is constructed. A numerical 
example of hesitant fuzzy quintic B-spline spatial curves is visualized through the 
model. The study demonstrates an effective and flexible method to represent 
uncertainty through hesitancy, which will advance the field of fuzzy geometric 
modeling.  
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1. Introduction 
 

Geometric modeling has played a key role in driving modern technological progress across many 
fields. Since its early days, it has been essential for representing complex shapes and surfaces in a 
mathematical way through parametrization, a concept first introduced by Pierre Bézier in the 1960s 
[1]. The history of curve modeling dates back to the foundation work of Pierre Bézier and Paul de 
Casteljau in the 1940s and 1950s. They developed Bézier curves, which were originally used in car 
design [2]. Around the same time, the groundwork for spline functions was introduced, which later 
became one of the important techniques for curve approximation [3]. As computational geometry 
advanced in the 1970s, researchers introduced B-spline curves [4] and followed by B-spline surface 
afterwards. In the 1980s, Dale Myers and John Hart introduced NURBS, which allowed for greater 
flexibility in curve modeling [5]. Today, geometric modeling is widely used in areas like engineering, 
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computer graphics, and data visualization [6,7]. Its versatility makes it possible to design and analyze 
complicated structures, from car parts to buildings, fueling innovation in many industries. 

On the other hand, the concept of fuzzy set theory was introduced by Lotfi A. Zadeh in 1965, 
which aims to address the uncertainty in decision-making. Fuzzy sets deal with imprecise information 
by enabling its elements to have membership degrees instead of just yes or no classification [8]. 
Afterwards, plenty of fuzzy sets are introduced, including type-2 fuzzy sets to handle the uncertainty 
of membership degree itself [9], intuitionistic fuzzy sets to represent non-membership degree and 
uncertainty degree [10], interval-valued fuzzy sets, picture fuzzy sets, neutrosophic fuzzy sets and so 
on. Every fuzzy set stated above deals with single membership degree for each element. In 2000s, 
Torra and Narukawa introduced a novel fuzzy set, namely hesitant fuzzy set. This new approach 
allowed for multiple membership values to reflect the hesitation or uncertainty people often have 
when making decisions [14]. Hesitant fuzzy sets made it easier to represent situations where 
decision-makers are unsure, offering more flexibility than traditional fuzzy sets. 

Over the years, researchers have explored combining fuzzy set theory with geometric modeling. 
In 1995, Anile and his team used fuzzy arithmetic to manage uncertain data in environmental impact 
studies [15]. Afterwards, researchers developed plenty of geometric modeling models by using fuzzy 
logic approach. As stated above, the research gap remains when it comes to using hesitant fuzzy sets 
in geometric modeling, as the fuzzy sets applied in previous research assign single membership 
degree. While traditional fuzzy sets help manage uncertainty, they may not fully capture the 
hesitation often found in real-life decisions [14]. 

Despite these advancements, a critical research gap remains: no existing geometric modeling 
framework has integrated hesitant fuzzy sets, which can capture multiple degrees of membership 
and better represent hesitancy in real-world data. Traditional fuzzy models fall short when decision-
makers usually ignore the hesitancy, which is a common occurrence during data collection. 
Therefore, this study aims to address this gap by proposing a novel hesitant fuzzy B-spline curve 
(HFBsC) approximation model, which applies hesitant fuzzy set theory into the B-spline curve 
framework. The study will start will a comprehensive literature review, followed by the study of 
preliminaries of concept such as hesitant fuzzy set, hesitant fuzzy point and hesitant fuzzy relation. 
Then, the study will apply the concept of hesitant fuzzy point relation and hesitant fuzzy control point 
relation defined by previous research to construct a novel model, namely hesitant fuzzy B-spline 
curve (HFBsC) approximation model. A quintic HFBsC approximation model is constructed and 
visualized as an example to show and verify the properties of HFBsC. The paper concludes by 
summarizing key insights and offering recommendations for future research directions. 

 
2. Preliminaries 
 
 In this section, fundamental concepts including hesitant fuzzy set (HFS), hesitant fuzzy fuzzy point 
(HFP) and hesitant fuzzy relation (HFR) will be discussed, along with the definition of hesitant fuzzy 
point relation (HFPR) and hesitant fuzzy control point relation (HFCPR) to construct the model. 
 
 In 2010, Torra introduced a novel concept, namely hesitant fuzzy set theory, which aims to 
represent the uncertainty and ambiguity of each element in the fuzzy set. Instead of assigning single 
membership degree to elements, hesitant fuzzy set provides multiple membership representation 
for each element, which is more common in real-life situations. Definition 1 below shows the 
definition of hesitant fuzzy set. 
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Definition 1. [14,16,17] Let 𝑋 be a fixed set. A hesitant fuzzy set (HFS) on 𝑋 is in terms of a function 
applying to 𝑋 and returns a subset of [0,1]. Mathematically, a HFS can be described as follows: 
 
𝐴 = {〈𝑥, ℎ𝐴(𝑥)〉|𝑥 ∈ 𝑋}            (1) 
 
where ℎ𝐴(𝑥)  is a set of some values in [0,1], denotes the possible membership degrees of the 
element 𝑥 ∈ 𝑋 to the set 𝐴. In this case, ℎ = ℎ𝐴(𝑥) is defined as a hesitant fuzzy element (HFE), while 
𝛩 represents the set of all HFEs. As the HFEs can consist of more than one membership degrees, 
some special HFEs for 𝑥 ∈ 𝑋 are given as follows [17]: 
 

i. Empty set: ℎ = {0}, denoted as 𝑂∗ as simplification. 
ii. Full set: ℎ = {1}, denoted as 𝐼∗. 

iii. Complete ignorance (all are possible): ℎ = [0,1] ≜ 𝑈∗. 
iv. Nonsense set: ℎ = ∅∗. 

 
To implement the concept of hesitant fuzzy set in B-spline curve modeling, the concepts of 

hesitant fuzzy point and hesitant fuzzy relation are necessary to represent the fuzzy behavior of 
control points and their relations. Definition 2 and Definition 3 below define the concept of hesitant 
fuzzy point and hesitant fuzzy relation. 
 
Definition 2. [18] Let 𝑌 ⊆ 𝑋  and 𝐴 = {〈𝑥, ℎ𝐴(𝑥)〉|𝑥 ∈ 𝑋} such that ℎ𝐴(𝑥) ⊆ [0,1]. Then, 𝐴𝑌 ∈ 𝑋  is 
defined as follows: 
 

𝐴𝑌(𝑥) = {
𝐴, 𝑓𝑜𝑟 𝑥 ∈ 𝑌

{0}, 𝑥 ∉ 𝑌
             (2) 

 
If 𝑌 is a singleton, namely {𝑦}, then 𝐴{𝑦} is called a hesitant fuzzy point (HFP) denoted by 𝑦𝐴. 

  
Definition 3. [19,20] Suppose 𝑋  and 𝑌  are universal sets. A hesitant fuzzy subset ℛ  of 𝑋 × 𝑌  is 
defined as a hesitant fuzzy relation (HFR) from 𝑋 to 𝑌, that is, 
 
ℛ = {〈(𝑥, 𝑦), ℎℛ(𝑥, 𝑦)〉|(𝑥, 𝑦) ∈ 𝑋 × 𝑌}           (3) 
 
For all (𝑥, 𝑦) ∈ 𝑋 × 𝑌, ℎℛ(𝑥, 𝑦) is a set of values in [0,1], which are the possible membership degrees 
of the relations for each element 𝑥 and 𝑦. 
 
2.1 Hesitant Fuzzy Point Relation 

 
Through the fundamental definitions in Definition 1, 2 and 3, Pa et al. have defined the hesitant 

fuzzy point relation (HFPR) to represent the fuzzy relation between each fuzzy element 𝑥 and each 
fuzzy element 𝑦 [21]. 
Definition 4. [21] Suppose 𝑋 and 𝑌 are universal sets. Let 𝑃 ⊆ 𝑋, 𝑄 ⊆ 𝑌, 𝐴 = {⟨𝑥, ℎ𝐴(𝑥)⟩|𝑥 ∈ 𝑋} and 
𝐵 = {⟨𝑦, ℎ𝐵(𝑥)⟩|𝑦 ∈ 𝑌}. Then by Definition 1, ℎ𝐴(𝑥) and ℎ𝐵(𝑥) are two sets of some possible values 
in [0,1]. Let 𝑃 and 𝑄 are two HFPs, then by Definition 2, 𝐴𝑃={𝑝} = {⟨𝑥, ℎ𝐴(𝑥)⟩|𝑥 ∈ 𝑃} and 𝐵𝑄={𝑞} =

{⟨𝑦, ℎ𝐵(𝑥)⟩|𝑦 ∈ 𝑄}, where {𝑝} and {𝑞} are two singletons for sets 𝑃 and 𝑄 respectively. A hesitant 
fuzzy subset ℛ∗ of 𝑃 ×  𝑄 is defined as a hesitant fuzzy point relation (HFPR) from 𝑋 to 𝑌, as follows: 
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ℛ∗  =  {〈(𝑥𝑖 , 𝑦𝑗), ℎ𝑅∗(𝑥𝑖 , 𝑦𝑗)〉|𝑥𝑖 ∈ 𝑃𝑖 , 𝑦𝑗 ∈ 𝑄𝑗  , (𝑥𝑖 , 𝑦𝑗) ∈ 𝑃𝑖  × 𝑄𝑗}        (4) 

 

For all (𝑥𝑖, 𝑦𝑗) ∈ 𝑃 × 𝑄, ℎℛ∗(𝑥𝑖, 𝑦𝑗) ∈ ℎ𝐴(𝑥𝑖) × ℎ𝐵(𝑦𝑗) is the set of values in [0,1], which denotes 

the possible membership degrees of the HFPR for 𝑥𝑖  and 𝑦𝑗. 

 
2.2 Hesitant Fuzzy Control Point Relation 

 
Control points are a set of points to control the shape and behavior of a B-spline curve. Changing 

in the position of control points will result in changing of the approximation of geometry. As fuzzy set 
is applied in this research, Pa et al. has defined the hesitant fuzzy control point relation (HFCPR) to 
represent the hesitancy of each hesitant fuzzy control point.  
 
Definition 5. [22] Suppose 𝑃 represents the control points of a Bézier curve such that 
 
𝑃 = {𝑃0, 𝑃1, 𝑃2, … , 𝑃𝑛}               (5) 
 
where 𝑃 is a set of 𝑛 + 1 points denoting the coordinates of each control point. Let ℛ∗ be a HFPR, 
then the hesitant fuzzy control points relation (HFCPR) is defined as a relation of (𝑛 + 1) points with 
different number of choices as follows: 
 

ℛ𝑐𝑝
∗ = {〈(𝒫0,𝑗0

ℋ , 𝒫1,𝑗1

ℋ , … , 𝒫𝑛,𝑗𝑛

ℋ ), ℎ𝑅∗(𝒫0,𝑗0

ℋ , 𝒫1,𝑗1

ℋ , … , 𝒫𝑛,𝑗𝑛

ℋ )〉|𝒫𝑖,𝑗𝑖

ℋ ∈ 𝒫𝑖,𝑀𝑖

ℋ , (𝒫0,𝑗0

ℋ , 𝒫1,𝑗1

ℋ , … , 𝒫𝑛,𝑗𝑛

ℋ ) ∈

𝒫0,𝑀0

ℋ × 𝒫1,𝑀1

ℋ × … × 𝒫𝑛,𝑀𝑛

ℋ }                                         (6) 

 

where 𝑗𝑖 ∈ 𝑀𝑖 , 𝑀𝑖 = {0,1,2, … , 𝑚𝑖} and 𝒫𝑖,𝑀𝑖

ℋ  are the hesitant fuzzy control points (HFCPs) at 𝑖-th 

term. Noted that 𝑚𝑖 = 𝑚𝑗  for 𝑖 ≠ 𝑗 is possible but not compulsory. For each 𝒫𝑖,𝑀𝑖

ℋ , there are 𝑚𝑖 

number of possible memberships, therefore, the relation returns in a set of possible HFCPs. The HFCP 
at 𝑖-th term are defined as follows: 
 

𝒫0,𝑗0∈𝑀0

ℋ = {𝒫0,0
ℋ , 𝒫0,1

ℋ , … , 𝒫0,𝑚0

ℋ }  

𝒫1,𝑗1∈𝑀1

ℋ = {𝒫1,0
ℋ , 𝒫1,1

ℋ , … , 𝒫1,𝑚1

ℋ }  

𝒫2,𝑗2∈𝑀2

ℋ = {𝒫2,0
ℋ , 𝒫2,1

ℋ , … , 𝒫2,𝑚2

ℋ }  

⋮  
 

𝒫𝑛,𝑗𝑛∈𝑀𝑛

ℋ = {𝒫𝑛,0
ℋ , 𝒫𝑛,1

ℋ , … , 𝒫𝑛,𝑚𝑛
ℋ }           (7) 

 
In this case, HFCP is a set of 𝑛 + 1 control points, where each control points have 𝑚𝑖 possibilities 
based on different hesitant fuzzy membership degrees assigned. Therefore, there are a variety of 
possible HFCPRs, that is, a variety of possible HFCPs produced. The total number of HFCPRs, namely 
𝑁ℛ𝑐𝑝

∗  is denoted by equation below: 

𝑁ℛ𝑐𝑝
∗ = ∏ 𝑚𝑖

𝑛
𝑖=0              (8) 

 
The HFCP can be redefined as 
 

𝒫𝑘
ℋ = {{𝒫0,𝑗0

ℋ , 𝒫1,𝑗1

ℋ , 𝒫2,𝑗2

ℋ , … , 𝒫𝑛,𝑗𝑛

ℋ }|𝑗𝑖 ∈ 𝑀𝑖, 𝑀𝑖 = {0,1,2, … , 𝑚𝑖}, 𝒫𝑖,𝑗𝑖

ℋ ∈ 𝒫𝑖,𝑀𝑖

ℋ }     (9) 

 



Warisan Journal of Mathematical Sciences and Engineering 

Volume 1, Issue 1 (2025) 26-35 

30 
 

for 𝑁ℛ𝑐𝑝
∗  possibilities, where 𝑘 = 1,2, , … 𝑁ℛ𝑐𝑝

∗ . Therefore, the set of all HFCPs is described as follows: 

 

𝓟𝓗 = {𝒫𝑘
ℋ|𝑘 = 1,2, … , 𝑁ℛ𝑐𝑝

∗ }                     (10) 

 
3. Hesitant Fuzzy B-spline Approximation Model  
 

The traditional Bézier curve uses Bernstein polynomials, whereas a B-spline curve is constructed 
from B-spline basis functions, allowing more control by manipulating the degree of blending 
functions. By using the definition of hesitant fuzzy control point (HFCP) and the concept of hesitant 
fuzzy control point relation (HFCPR), the hesitant fuzzy B-spline curve (HFBsC) approximation model 
is extended as below. 
 

Definition 6: Let 𝓟𝓗 = {𝒫𝑘
ℋ|𝑘 = 1,2, … , 𝑁ℛ𝑐𝑝

∗ }  be the set of all HFCPs such that 𝒫𝑘
ℋ =

{{𝒫0,𝑗0

ℋ , 𝒫1,𝑗1

ℋ , 𝒫2,𝑗2

ℋ , … , 𝒫𝑛,𝑗𝑛

ℋ }|𝑗𝑖 ∈ 𝑀𝑖, 𝑀𝑖 = {0,1,2, … , 𝑚𝑖}, 𝒫𝑖,𝑗𝑖

ℋ ∈ 𝒫𝑖,𝑀𝑖

ℋ }  is the possible HFCPs. Let 

𝐵𝑠𝐶(𝑡) as the curve position vector of a B-spline curve. A HFBsC approximation model, namely 

𝑩𝒔𝑪𝓗(𝑡) with order 𝑘 and degree (𝑘 − 1) is defined as follows: 
 

𝑩𝒔𝑪𝓗(𝑡) = ∑ 𝓟𝓗 ⋅ 𝑁𝑖,𝑘(𝑡)𝑛
𝑖=0         𝑡𝑚𝑖𝑛 ≤ 𝑡 ≤ 𝑡𝑚𝑎𝑥                   (11) 

 
where 𝑡  is the parameter and the B-spline basis, 𝑁𝑖,𝑘(𝑡) is defined by the Cox-de-Boor recursion 

formula as follows: 
 

𝑁𝑖,𝑘(𝑡) = {
1, if 𝑥𝑖 ≤ 𝑡 < 𝑥𝑖+1

0, otherwise.
                     (12) 

 
and  
 

𝑁𝑖,𝑘(𝑡) =
(𝑡−𝑥𝑖)𝑁𝑖,𝑘−1(𝑡)

𝑥𝑖+𝑘−1−𝑥𝑖
+

(𝑥𝑖+𝑘−𝑡)𝑁𝑖+1,𝑘−1(𝑡)

𝑥𝑖+𝑘−𝑥𝑖+1
                     (13) 

 
where the value of 𝑥𝑖  are the elements of a knot vector satisfying the relation 𝑥𝑖 ≤ 𝑥𝑖+1. Restrictions 
(0)0 ≡ 1 and 0! ≡ 1 are considered in this case. As there are multiple sets of HFCPs applied as input 
of this model, therefore, the HFBsC approximation model will construct the same number of HFBsCs 
as its output. The number of HFBsCs generated are the same with the number of HFCPRs, which 

denoted by Eq. (8). In short, a 𝑩𝒔𝑪𝓗(𝑡) is the set of all possible HFBsCs, 𝐵𝑠𝐶𝑎
ℋ(𝑡) such that 

 

𝑩𝒔𝑪𝓗(𝑡) = {𝐵𝐶𝑎
ℋ(𝑡) = ∑ 𝒫𝑎

ℋ ⋅ 𝑁𝑖,𝑘(𝑡)𝑛
𝑖=0 |𝑎 = 1,2,3, … , 𝑁ℛ𝑐𝑝

∗ }                (14) 

 
In that the case, 𝑁ℛ𝑐𝑝

∗ number of HFBsCs will be generated through the model. 

n summary, the Hesitant Fuzzy B-spline Curve (HFBsC) approximation model utilizes multiple sets 
of Hesitant Fuzzy Control Points (HFCPs) as input, each representing different combinations of control 
point memberships due to hesitancy. As a result, the model produces a corresponding set of possible 
B-spline curves, where each output curve reflects a unique configuration of the control points. This 
enables the modeling of uncertainty and hesitation in geometric approximation. A numerical 
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example illustrating the construction and behavior of the HFBsC model will be provided in Section 4 
for further clarification and discussion. 
 
3.1 Properties of Hesitant Fuzzy B-spline Curve 

 
 As the hesitant fuzzy B-spline curve model applies the B-spline basis as blending function, 
therefore the properties of HFBsC are listed as follows: 
 

i. The basis functions of HFBsC are real. 
ii. The sum of the B-spline basis functions for any parameter value is 1. 

iii. Each basis function is positive or zero for all parameter values. 
iv. The maximum order of the HFBsC equals the number of HFCP vertices. The maximum degree 

is one less. 
v. The HFBsC exhibits variation-diminishing property. 

vi. The HFBsC generally follows the shape of the control polygon formed by HFCP. 
vii. The HFBsC lies within the convex hull of its control polygon. 

 
4. Visualization of Quintic Hesitant Fuzzy B-spline Curve Approximation Model  
 
 In this section, a quintic (5-th order) hesitant fuzzy B-spline curve (HFBsC) approximation model 
will be constructed. Suppose there are 5 control points to generate the curve using the model stated. 
Let the (𝑥, 𝑦) coordinates for the control points remain unchanged, while assume the membership 
degrees to represent the 𝑧-coordinates. Three of the points have 2 membership degrees assigned, 
therefore hesitancy occurs, since there are multiple sets of control points to construct the curves. 
Table 1 below shows the coordinates of the hesitant fuzzy control points. 
 

  Table 1 
  Coordinates of control points 

(𝑥, 𝑦) 
𝑧-coordinates 

𝑧1 𝑧2 
(0,0) 0 - 
(0.3,0.3) 0.8 0.3 
(0.5,0.5) 0.6 - 
(0.8, 0.9) 1 0.8 
(0.9,1) 0.5 0.1 

 
By Eq. (8), the total number of HFCPs can be calculated as below. 
 

𝑁ℛ𝑐𝑝
∗ = ∏ 𝑚𝑖 = 2 ⋅ 2 ⋅ 2 = 84

𝑖=0   

 

𝓟𝓗 = {𝒫1
ℋ , 𝒫2

ℋ , 𝒫3
ℋ , 𝒫4

ℋ , 𝒫5
ℋ} 

 

𝑩𝒔𝑪𝓗(𝑡) = {𝐵𝑠𝐶1
ℋ(𝑡), 𝐵𝑠𝐶2

ℋ(𝑡), 𝐵𝑠𝐶3
ℋ(𝑡), 𝐵𝑠𝐶4

ℋ(𝑡), 𝐵𝑠𝐶5
ℋ(𝑡)} 

 

Therefore, the set of HFCPRs and HFBsCs are stated as above. There are 8 sets of 𝓟𝓗  and 

𝑩𝒔𝑪𝓗(𝑡) as well. Figure 1 below shows the output of HFBsC approximation model on the same axes, 
while Figure 2 (a) to Figure 2 (h) shows the visualization of each HFBsCs separately by each respective 
HFCPs. 
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Fig. 1. Hesitant fuzzy B-spline Curves, 𝑩𝒔𝑪𝓗(𝑡) 

 

  
(a) (b) 

  
(c) (d) 

 

  
(e) (f) 
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(g) (h) 

Fig. 2. (a) HFBsC, 𝐵𝑠𝐶1
ℋ(𝑡) , (b) HFBsC, 𝐵𝑠𝐶2

ℋ(𝑡) , (c) HFBsC, 𝐵𝑠𝐶3
ℋ(𝑡) , (d) HFBsC, 𝐵𝑠𝐶4

ℋ(𝑡) , (e) 

HFBsC, 𝐵𝑠𝐶5
ℋ(𝑡), (f) HFBsC, 𝐵𝑠𝐶6

ℋ(𝑡), (g) HFBsC, 𝐵𝑠𝐶7
ℋ(𝑡), (h) HFBsC, 𝐵𝑠𝐶8

ℋ(𝑡) 

     
4. Discussion  

 
Through Figure 1, it can be noticed that the HFBsCs visualized are different due to the hesitancy 

of data. Figure 2(a) to Figure 2(h) shows the HFBsCs generated by their respective HFCPs. It can be 
observed that all quintic HFBsCs are controlled by the control polygon (formed by the HFCPs). 
Besides, all HFBsCs are bound by their largest convex hull of the control polygon. Moreover, the first 
point and the last point of the HFCPs coincide with the two ends of the HFBsCs  for each figure. These 
observations show that all HFBsCs achieve the properties to be HFBsC. Figure 3(a) to Figure 3(h) 
below shows the observation. 

This study introduces a novel approach to geometric modeling, particularly to B-spline curve with 
hesitant fuzzy set. The construction of model namely hesitant fuzzy B-spline curve (HFBsC) 
approximation model provides a technique to address the uncertainty, especially the hesitancy of 
data collection which is always ignoring some opinions in real-life contexts. The mathematical 
representation of HFBsC approximation model is defined, along with the HFCPs and HFCPRs, which 
will be beneficial to the study of handling uncertainty and provide future insights into an interpolation 
model, which is more applicable in real-world scenarios. 
 

  
(a) (b) 
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(c) (d) 

  
(e) (f) 

  
(g) (h) 

Fig. 3. (a) HFBsC, 𝐵𝑠𝐶1
ℋ(𝑡) , (b) HFBsC, 𝐵𝑠𝐶2

ℋ(𝑡) , (c) HFBsC, 𝐵𝑠𝐶3
ℋ(𝑡) , (d) HFBsC, 𝐵𝑠𝐶4

ℋ(𝑡) , (e) 

HFBsC, 𝐵𝑠𝐶5
ℋ(𝑡), (f) HFBsC, 𝐵𝑠𝐶6

ℋ(𝑡), (g) HFBsC, 𝐵𝑠𝐶7
ℋ(𝑡), (h) HFBsC, 𝐵𝑠𝐶8

ℋ(𝑡) with control polygon 
(maximum convex hull) 

 
5. Conclusions 
 

To conclude, the study constructs a novel model, namely hesitant fuzzy B-spline curve (HFBsC) 
approximation model to address the hesitancy and uncertainty of data. The numerical example of 
quintic HFBsC approximation model is visualized to show that the output of the model satisfies the 
properties of hesitant fuzzy B-spline curve. The application of hesitant fuzzy set allows the study to 
consider every opinion on the data during the visualization instead of neglecting some of them. 
Nevertheless, the HFBsC approximation model can only provide visualization of hesitancy, but it is 
unable to make a produce a crisp result. Therefore, an appropriate justification method is necessary 
as future research.  
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